Abstract -Monotone economical difference schemes of the second order of local approximation with respect to space variables on nonuniform grids for the heat conduction equation with the boundary conditions of the third kind in a p−dimensional parallelepiped are constructed. The a priori estimates of stability and convergence of the difference solution in the norm C are obtained by means of the grid maximum principle.
Introduction
In investigating the uniqueness and continuous dependence of the classical solutions for the boundary-value problem for elliptic and parabolic equations, the maximum principle is used [12, 31] . Its simplest statement is that the appropriate solution of a homogeneous equation attains its minimum and maximum on the boundary of the domain. In its general form it allows to obtain an estimate for the maximum solution magnitude.
In the theory of difference schemes [17] [18] [19] 23] , the maximum principle is of great interest. In particular, it is used to investigate the stability and convergence of the difference solution 1 The work was supported by the EC under project INTAS-30-50-4395.
in the uniform norm [7, 8, 11, 27, 28, 32] . Difference schemes that satisfy the maximum principle are called monotone [17, 29] .
In [14, 21, [24] [25] [26] a new approach to the construction of difference schemes of the second order of local approximation in spacial variables on nonuniform grids in the norm C with respect to non-calculated pointx i = (x i−1 + x i + x i+1 )/3 on the minimal stencil is described.
In [22, 35] , on the basis of the vector-additive schemes [1, 2, 30] economical monotone difference schemes for the multidimensional heat conduction equation in the case of the first boundary-value problem are constructed by means of the identity (ku ) = 0.5((ku) + ku − k u), for approximation of the diffusion operators with variable coefficients. Note that the first partial derivatives are absent in the above-mentioned formula.
The initial differential equation can be used for the approximation of the boundary conditions of the third kind with the second order in space (for example, in the case of a p−dimensional parallelepiped see [4, 9] ). However, it is rather difficult to prove monotonicity of these difference schemes for parabolic equations.
Another approach to the construction of monotone difference schemes for problems with boundary conditions of the third kind without using the basic differential equations at the domain boundary preserving the second order of approximation and accuracy is used in [15, 16] . The main idea is based on the assumption that there exists a unique smooth solution in some sufficiently small neighborhood of the definition domain of the problem and on the use of only half-integer nodes of the grid. In this case, the boundary conditions are directly approximated with the second order on the two-point stencil. This approach is used in [15] to construct difference schemes of a higher order of approximations and accuracy for the equations of mathematical physics with the boundary conditions of the second and third kinds on the uniform grid.
In present paper, numerical algorithms of the second order of approximation in space on nonuniform grids in a p−dimensional parallelepiped for differential problems with boundary conditions of the third kind are proposed. Monotone and conservative difference schemes for the ordinary differential equation of the second order (Section 2) and for the one-dimensional parabolic equation with variable coefficients (Section 3) are considered. Monotone local onedimensional (LOD) schemes of the second order of approximation in spacial variables on the minimal stencil for the multidimensional parabolic equation with variable coefficients are constructed and investigated in Section 4. Such schemes were first proposed in [33] . Papers [10, 13] and monographs [17, 23] are devoted to the development and investigation of such difference schemes for boundary conditions of the third kind. Problems of stability and convergence with respect to the boundary conditions of additive difference schemes are considered in [5, 6, 34] .
Difference schemes for the ordinary differential equation
Numerical methods of the second order of local approximation on an arbitrary nonuniform grid by means of only three-point stencil for the ordinary differential equation of the second order with boundary conditions of the third kind are constructed and investigated below. A priori estimates of stability and convergence of the difference solution in the norm C are obtained.
Problem definition
In the domainΩ = {x : 0 x l}, let us consider the differential problem
Further we assume that there exists a unique solution of problem (2.1), (2.2), it possesses all the required continuous derivatives and can continuously be extended into the h-neighborhood of the definition domain of the problem
Difference scheme
In the domainΩ h we define the nonuniform space discrete gridω
The differential equation (2.1) on the grid defined is approximated by two difference schemes
and
where standard notations of difference schemes are used [17] 
5)
The weighting coefficients β 1 , β 2 satisfy the identity
The choice of coefficients (2.5) corresponds to the extrapolation of the function y(x) with respect to the non-calculated pointx i , and the choice of coefficients (2.6) -to the interpolation. The property of unconditional stability in the norm C of the difference scheme (2.3), (2.5) is its advantage and the negative coefficient β 2 is its shortcoming. In considering the interpolation of the function y(x i ) on neighboring nodes, the difference scheme (2.3), (2.6) is more natural. It is conditionally stable only in the case that h is sufficiently small. The conservative property is a certain advantage of the difference scheme (2.4).
We approximate the boundary conditions (2.2) by means of the two-point stencil [15, 16] 
The properties of the difference schemes (2.3), (2.4) are discussed bellow.
Error of approximation
Let us show the difference schemes constructed above approximating the initial differential problem with a second order. In detail, we only consider the approximation error of the difference scheme (2.3), (2.7), which can be written in the following way:
where
Using the expansion in Taylor's series, it is easy to obtain relations
then from (2.8) we obtain that
) and the difference scheme (2.3), (2.7) approximate the differential problem (2.1), (2.2) with a second order. The order of approximation of the conservative difference scheme (2.4), (2.7) is investigated similarly. For this purpose the scheme can be written in the form
Maximum principle and a priori estimates
Further we will use the canonical form of writing the difference scheme [15, 17] for the grid function
We assume that the positivity conditions of the coefficients are met
The maximum principle for problem (2.10) is proved in [17] and is formulated as follows.
Then from the conditions 
Lemma 2. Let the positivity conditions of coefficients (2.10) be met. Then for the solution of problem (2.9) the estimate
The difference scheme (2.3), (2.5), (2.7) can be rewritten in the canonical form (2.9)
The strong positiveness of the coefficients B 0 and A N +1 follows from the conditions 11) and from Lemma 2 the estimate
For the method error z = y − u, we can obtain an analogous estimate
from which it follows that the difference scheme (2.3), (2.5) (2.7) converges to the exact solution of the initial differential problem with a second order in space if inequality (2.11) holds true. The coefficients of the difference scheme (2.3), (2.6) (2.7) can be written in the following way:
Consequently, the conditions of the maximum principle in this case hold true if
, N. For the conservative difference scheme (2.4), (2.7), we obtain
The positivity conditions of the coefficients in this case take place if
Difference scheme for a one-dimensional parabolic equation
In this Section, monotone difference schemes of the second order of accuracy for the onedimensional parabolic equation with the boundary condition of the third kind with variable coefficients on an arbitrary nonuniform grids in both time and space are constructed and investigated. Unfortunately, in the case of variable coefficients for divergent operators the point x * ∈ [x i−1 , x i+1 ] and the stencil functional a do not exist to satisfy the following identity [22] :
Since (ku ) = ku + k u , this problem is connected with the construction of appropriate algorithms for the convection-diffusion equation. First attempts to solve this problem were made in [3, 20] . However, the algorithms set up in these works were conditionally monotone, i.e., there were constraints on the grid steps and on the coefficients of the equations to satisfy the maximum principle.
To construct unconditionally monotone schemes, we shall apply the identity [22] (ku ) = 0.5((ku) + ku − k u), which does not contain first derivatives.
Problem definition
In the domainQ = {(x, t) : 0 x l, 0 t T } , we will look for the continuous function
(∂Q), where ∂Q is the boundary of the domain Q satisfying the initial-boundary-value problem
We assume that a unique solution exists and can continuously be extended into the hneighborhood of the definition domain of the problem
Difference scheme
In the domainQ h , we define the nonuniform discrete gridsω =ω h ×ω τ ,
On the gridω the differential problem (3.1) -(3.3) can be approximated by the difference scheme
To obtain the second order of local approximation at the non-calculated point (x i , t n ), we had to approximate the partial derivative with respect to the time by taking into account the interpolation on the neighborhood nodes.
We can write operator (3.7) in the following way:
From the last formula, in the case of space uniform grids, the coefficients β 1 , β 2 , δ 1 , δ 2 are equal to zero and the scheme degenerates into a classical conservative difference scheme.
Error of approximation
Substituting y = z + u into equations (3.4) -(3.6), we obtain the problem for the method error z
Using the expansion in Taylor's series, it is easy to show that the relations
take place. Consequently, the difference scheme (3.4) -(3.6) approximates the initial differential problem (3.1) -(3.3) with the order O(
Theorem 1. Let the conditions
be met. Then the solution of the difference scheme (3.4) -(3.6) is stable with respect to the initial data, the boundary conditions, and the right hand side, and for any t n ∈ ω τ the estimate
takes place.
Proof. We rewrite the difference scheme (3.4)-(3.6) in the canonical form (2.9)
The coefficients B 0 and A N +1 are strongly positive if the inequalities h 1 < 2k * 1 /σ 1 , h N +1 < 2k * 1 /σ 2 , hold true, respectively. We consider the coefficients A i and the caseh i 0, where
As the component with kxx ,i is positive in the expression for A i , we obtain
.
From the latter inequalities it follows that
The coefficient B i and the caseh i > 0 are considered analogously. Thus, inequality (3.11), (3.12) guarantees the fulfilment positivity condition of coefficients (2.10) and on the basis of Lemma 2 we obtain the estimate
Since the variable weighting coefficients 0 β 1,2 < 1/3 are nonnegative and bounded, the inequality
takes place. Substituting the last estimate into (3.14), we find the series of relations
From the latter inequality estimate (3.13) follows.
Applying the a priori estimate (3.13) to problem (3.8) -(3.10) for the method error z, we obtain the estimate
from which the convergence of the difference schemes (3.8) -(3.10) with a second order follows.
Difference schemes for a multidimensional parabolic equation
In this Section, monotone local one-dimensional difference schemes, approximating the third boundary-value problem for a multidimensional parabolic equation with variable coefficients of the second order of local approximation on an arbitrary nonuniform grid in both time and space on the minimal stencil are constructed and investigated in the norm C. Detailed analysis of the approximation error of the difference scheme proposed in the uniform norm is carried out. , x 2 , . . . , x p ) , where ∂Q is the boundary of the domain Q, such that it satisfies the following boundary-value problem
Problem definition

In the domainQ =Ω
Further we also assume that a unique solution of problem (4.1) -(4.3) exists and can be continuously extended into the h-neighborhood of the definition domain of the problem
Difference scheme
In the domainΩ h , we define the nonuniform space discrete grid and a family of nonuniform time discrete grids
such that the conditions 1 m
are fulfilled. Let us introduce the non-calculated point [21] 
and the grid functions
We will use the standard notations of the theory of difference schemes [17] :
In this section, we construct the LOD difference scheme of the second order of local approximation on space for the solution of the differential problem (4.1) -(4.3) with the approximation of the differential equation on a three-point stencil and of the boundary conditions -on a two-point stencil
Here we use the space weighting with respect to the variable x α (see [22] )
The solution of problem (4.5) -(4.7)ȳ = y n+1 p can be found by means of the sweep method [17] , sequentially from α = 1 to α = p. Using the second-order interpolation (4.8), we obtain the value of the function y = y(x, t n+1 )
Approximation error
Let z α = y α − u α be the global error of the discrete solutions of problem (4.5) -(4.7). This function satisfies the following difference scheme:
We present the local errors ψ α in accordance with [17] in the form
From the definition of the operators A α and ϕ α it is follows that *
.e., the difference scheme (4.5) - 
A priori estimates
In this section we will obtain the a priori estimates in the norm C for problem (4.5) -(4.7) by means of the grid maximum principle formulated in Section 2.4. We will use the canonical form (2.9) the difference schemes for the grid function y α . The following theorem take place. 
Theorem 2. Let the conditions
is valid.
Proof. Write the difference scheme (4.5)-(4.7) in the canonical form (2.9)
Positiveness of the coefficients B α,0 and A α,N α +1 follows from conditions (4.13). The coefficients A α > 0 when
Analogously, considering the coefficients B α , we come to the inequality
Thus, on the basis of Lemma 2 the estimate
takes place. When α = p subject to (4.9) we obtain
Thus, estimate (4.14) is valid.
Numerical experiments
The numerical results in this section are presented for the two-dimensional problem (4.1) -(4.3). In the cubeQ = {(x 1 , x 2 , t) : 0 x α 1, α = 1, 2, 0 t 1}, two problems are considered:
1) u(x, t) = exp (x 1 + x 2 + 3t),
, µ −α = 0,
, µ +α = 2 t + 2 exp (x 3−α + 3t + 1), α = 1, 2;
2) u(x, t) = sin (2πx 1 + 10t) sin (2πx 2 + 10t),
, µ −α = 1 t + 1 (sin(10t) − 2π cos(10t)) sin(2πx 3−α + 10t),
, µ +α = 1 t + 2 (sin(10t) + 2π cos(10t)) sin(2πx 3−α + 10t), α = 1, 2.
We take k α (x, t) = (x α + t + 1)
, α = 1, 2. The right hand side is defined from the initial differential equation by substituting the exact solution into it. The nonuniform grid is generated in a random way.
To see whether in practice the difference scheme (4.5) -(4.7), converges with the rate O(h 2 ) we diminish each interval by factor 2 and 4 in space variables and in time respectively. First we obtain D N = z C in the case of N nodes with respect to x α , α = 1, 2. Then we diminish every grid steps in the space by a factor of two and obtain D 2N = z C . The practical convergence rate of the approximation error is defined by the formula 
Conclusion
In this paper, the monotone conservative difference scheme of the second order of local approximation in space for the differential problem with boundary conditions of the third kind on arbitrary nonuniform grids in both time and space were constructed and investigated. For the multidimensional parabolic equation, monotone local one-dimensional difference schemes of the second order of local approximation in space on the minimal stencil are proposed. A priori estimates in the norm C are obtained on nonuniform grids by means of the grid maximum principle. The numerical experiments confirm the obtained theoretical results.
